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Abstract. We consider orbifolds as diffeological spaces. This 
gives rise to a natural notion of differentiable maps between orb- 
ifolds, making them into a subcategory of diffeology. We prove that 
the diffeological approach to orbifolds is equivalent to Satake's no- 
tion of a V-manifold and to Haefliger's notion of an orbifold. This 
follows from a lemma: a diffeomorphism (in the diffeological sense) 
of finite linear quotients lifts to an equivariant diffeomorphism. 



1. Introduction 

An orbifold is a space that is locally modeled on quotients of lR n by 
finite linear group actions. The precise definition of its global struc- 
ture is more complicated. The situation in the literature is somewhat 
problematic: different authors give definitions that are a priori different 
from each other, and the relations between them are not made clear. 

We propose to approach orbifolds through the notion of a diffeology. 
A diffeology on a set X specifies, for each whole number m and each 
open subset U of M m , which functions from U to X are differentiable. 
A diffeological space is a set equipped with a diffeology. A quotient 
of a diffeological space is again a diffeological space; a map to the 
quotient is declared to be differentiable if and only if it locally lifts. 
We define a diffeological orbifold to be a diffeological space that is 
locally diffeomorphic at each point to the quotient of W 1 by a finite 
linear group action. For details, see Section [2j 

In Section [3] we show that a diffeomorphism (in the diffeological 
sense) between finite linear quotients of W 1 lifts to an equivariant dif- 
feomorphism. See Lemma [231 This fails for arbitrary differentiable 
maps; see Examples l!Hl and 1251 

To illustrate that the diffeology retains rich information, in Section H] 
we show that the stabilizers of a finite group action are a diffeological 
invariant of the quotient. 
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Orbifolds were originally introduced by Satake under the name "V- 
manifolds" . Satake's definition is subtle and is often quoted imprecisely 
We recall this definition in Section [5j A problem with the definition 
is that it does not lead to a satisfactory notion of C°° maps. (In |S2| 
page 469], Satake writes this footnote: "The notion of C°°-map thus 
defined is inconvenient in the point that a composite of two C°°-maps 
defined in a different choice of defining families is not always a C°° 
map.") A related problem with Satake's definition is that it is not a 
priori clear whether a V-manifold structure is local, that is, whether 
a V-manifold structure can be determined by its restrictions to the 
elements of an open covering. In diffeology, the notion of a different iable 
map is completely natural, and, with it, diffeological orbifolds become 
a category. Also, the axioms of diffeology immediately imply that a 
diffeological orbifold structure is local. 

In order to not increase the confusion in the literature, we verify 
that, under mild restrictions (Satake insisted that the space be Haus- 
dorff and the finite groups act without reflections), our definition of a 
diffeological orbifold is equivalent to Satake's notion of a V-manifold. 
See Theorem [3HJ The proof relies on the technical results of Section [3J 
As an application, we prove, in Section that a V-manifold structure 
is local. In section [8] we similarly prove that a diffeological orbifold is 
the same thing as an orbifold structure in the sense of Haefliger jH]. 

The modern literature contains "higher" approaches to orbifolds, for 
example, through stacks or Lie groupoids. See |DM[ IMo| IMe| IBXj . 
In these approaches, the finite group actions can be non-effective; the 
resulting structure is global, not local. A concrete relationship between 
the Lie groupoid approach to orbifolds and the diffeology approach 
to orbifolds is analyzed in an forthcoming paper by Y. Karshon and 
M. Zoghi. 

We expect our diffeological approach to orbifolds to suffice for ap- 
plications that do not involve global aspects of non-effective orbifolds. 
It is extremely easy to work with diffeology. Thus, when applicable, 
diffeology removes the language barrier to passing from manifolds to 
orbifolds. 
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2. DlFFEOLOGICAL ORBIFOLDS 

The notions of diffeology and diffeological spaces are due to Chen 
[Che] (under the name "differentiable spaces") and to Souriau |Soul4 
ISou2] . For details, see [TglT| [Tgl2l . 



A parametrization on a set X is a map p: U — > X, where U is an 
open subset of M n for some n. 

Definition 1 (Diffeology and diffeological spaces). A diffeology on a 
set A is a set of parametrizations on A, whose elements are called 
plots, such that the following axioms hold: 

Covering axiom: The constant parametrizations are plots. 
Locality axiom: Let p : U — > A be a parametrization. If every 

point in U is contained in an open subset V C U such that 

p\v '■ V — > X is a plot, then p is a plot. 
Smooth compatibility axiom: Let p: U — > X be a plot, V an 

open subset of M. m for some m, and F: V U a C 00 smooth 

map. Then p o F is a plot. 

A diffeological space is a set A equipped with a diffeology. 

Definition 2 (Differentiable maps). A map f:X—}Y between diffe- 
ological spaces is called differentiable if the composition of / with any 
plot of A is a plot of Y. A map / : A — > Y between diffeological spaces 
is called a diffeomorphism if / is a bijection and both / and f~ l are 
differentiable. 

Diffeological spaces with differentiable maps form a category. 

Like the notion of a topology, the notion of a diffeology is very gen- 
eral. For instance, the set of all maps U — > X satisfies the three 
diffeology axioms; it defines the coarse diffeology on A. The set of 
all locally constant maps U — > X defines the discrete diffeology on A. 
Other diffeologies are described below. In each of the following def- 
initions, we leave it to the reader to verify that the three diffeology 
axioms hold. 

Example (Smooth manifolds). On a manifold M, the set of all C°° 
smooth maps p: U — > M is a diffeology. A map between manifolds is 
differentiable as a map of diffeological spaces if and only if it is smooth 
in the usual sense. 

Remark 3. Any plot U — > X of a diffeological space A is differentiable, 
where the open subset U C M. n is taken with its manifold diffeology. 
This is the content of the smooth compatibility axiom. 



4 



PATRICK IGLESIAS, YAEL KARSHON, AND MOSHE ZADKA 



Definition 4 (Quotient diffeology) . Let X be a diffeological space, let 
~ be an equivalence relation on X, and let tt : X — > Y := Xj ~ be the 
quotient map. The quotient diffeology on Y is the diffeology in which 
p: U — > Y is a plot if and only if each point in U has a neighborhood 
V C U and a plot p: V — > X such that p\v— tt o p. 




Figure 1. Quotient diffeology 



Example. Let a finite group T act on M. n by linear transformations. 
Then the quotient R n /r is naturally a diffeological space. 

Definition 5 (Local diffeomorphisms) . A diffeological space X is lo- 
cally diffeomorphic to a diffeological space Y at a point i 6 X if and 
only if there exists a subset A of X, containing x, and there exists a 
one-to-one function / : A — y Y such that 

(1) for any plot p: U — > X, the composition / o p is a plot of V; 

(2) for any plot q: V Y, the composition f^ 1 o q is a plot of X. 

Remark. The condition that the maps /op and /~ 1 og be plots contains 
the requirement that the domains of these maps, p^(A) and g -1 (/(/l)), 
be open. 

Also see Remark |HJ 

Example. An n dimensional manifold can be re-defined as a diffeological 
space which is locally diffeomorphic to lR n at each point. Notice that 
being a manifold is a property of the pre-existing diffeology; there is 
no need for any additional structure. 

Taking a similar approach to the notion of orbifolds, we make the 
following definition: 

Definition 6 (Diffeological orbifolds). A diffeological orbifold is a diffe- 
ological space which is locally diffeomorphic at each point to a quotient 
M ra /r, for some n, where T is a finite group acting linearly on M n . 
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Remark. Diffeological orbifolds, with differentiable maps, form a sub- 
category of the category of diffeological spaces. 

Definition 7 (D-topology) . The D-topology on a diffeological space X 
is the topology in which a subset W C X is open if and only if p~ l W 
is open for every plot p: U — >■ X. This is the finest topology on X for 
which all plots are continuous. A differentiable map between diffeologi- 
cal spaces is always continuous with respect to their D-topologies. That 
is, we have a forgetful functor from diffeological spaces to topological 
spaces. 

Example. On a smooth manifold, considered as a diffeological space, 
the D-topology coincides with the standard topology. On IR n /T, where 
T C GL n (R) is a finite subgroup, the D-topology coincides with the 
standard quotient topology. 

Definition 8 (Subset diffeology and diffeological subspaces). Let X 
be a diffeological space, A C X a subset, and i: A — » X the inclusion 
map. Declare p: U — > A to be a plot if and only if i o p is a plot of 
X. This defines the subset diffeology on A. With this diffeology, A is 
called a diffeological sub-space of X. 

In particular, any D-open subset of a diffeological space is naturally 
a diffeological space. 

Remark 9. A diffeological space X is locally diffeomorphic to a diffe- 
ological space Y at a point i G X if and only if there exist a D-open 
subset A of X containing x and a -D-open subset B of F, equipped 
with their subset diffeologies, and a diffeomorphism /: A — > B. 

If T C GL n (R) is a finite subgroup, the open subsets of IR n /T are 
exactly the quotients U /Y where U C M™ is a T-invariant open set. The 
diffeology on U /Y can be considered either as the quotient diffeology 
of U or, equivalently, as the subset diffeology of IR n /T. Hence, 

Remark 10. Any D-open subset of a diffeological orbifold is also a 
diffeological orbifold. 

Example 11. Let a finite group G act on a manifold M. Then the 
quotient Mj G is a diffeological orbifold. More generally, if a Lie group 
G acts on a manifold M properly and with finite stabilizers, then the 
quotient Mj G is a diffeological orbifold. 

Proof. This is an immediate consequence of the slice theorem, by which 
a neighborhood of each G-orbit is equivariantly diffeomorphic to G x H 
D, where H C G is the stabilizer of a point in the orbit, acting linearly 
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on a disk D. See |Kz] for compact (in particular, finite) group actions 
and [P] for proper group actions. □ 

Lemma 12. Let X be a diffeological space and U an open cover of X 
with respect to the D-topology. Then the diffeology of X is uniquely 
determined by the diffeology of the sets U G U. 

Proof. This follows from Definition [7] and the locality axiom of a diffe- 
ology. □ 




Figure 2. Generating family 



Definition 13. Let $ be a family of parametrizations on a set X. Let 
5 be the union of $ with the set of all constant parametrizations on 
X. Declare q: V — > X to be a plot if and only if each point in V 
has a neighborhood W C V, a parametrization p: U — » X in and 
a smooth map F: W — >■ U, such that g|w = P ° F. This defines the 
diffeology generated by See Figure El 

We end this section with a characterization of diffeological orbifolds: 

Lemma 14. A diffeological space X is a diffeological orbifold if and 
only if for every x G X and open neighborhood O of x there exists 
a finite group V acting on K n linearly and a map (p : 1R™ — > X whose 
image is contained in O, such that (p(0) = x, and such that induces 
a diffeomorphism ofM. n /T with a neighborhood of x in X. 

Lemma [TH is a consequence of the slice theorem. See Definition [6] 
and the proof of Example [TTJ For completeness, let us also give a more 
elementary proof of this fact. 

For any finite subgroup F C GL n (R), let || • ||r be the norm on R n 
that is induced from the inner product J^ 7gr (711, jv) where (•, •) is the 
standard inner product. Then || • ||r is T-invariant. 
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Lemma 15. Let T be a finite group, acting linearly on W 1 . Let u G M n 
be a point and let T u = {7 G T | 7 ■ u = u} C T be its stabilizer. Let 
U C M n be an open V -invariant subset containing u. Then there exists 
a V u -equivariant open map 



that sends the origin to u, is a diffeomorphism with its image, and such 
that the induced map 



is a diffeomorphism with its image. 

Proof. Let e > be sufficiently small so that 

B(u,e) := {v eR n \ \\v - u|| r < e} 

is contained in U and so that 2e < H7 • u — u\\ for all 7 G V \ r. u . 
Then the balls B(u, e) and 7 • B(u, e) are equal if 7 G T u and disjoint 
if 7 G T \ T u . See Figure [31 where ji represent the non-trivial cosets 
in r/r u . It follows that the inclusion map B(u, e) e — >■ R n induces a one 
to one map 



The vertical arrows in the diagram 

B(u,e) e — >■ 

s( u ,e)/r u -> Etyr 

generate the quotient diffeologies; it follows that the map (pQ) is a dif- 
feomorphism with its image. Let 



R n /r u -»■ c//r 



(i) 



B( Wj e)/r. 



U/T. 



s: R n ->■ 5(0, e) 



be a r u -equivariant diffeomorphism. The map 



/(#) = m + 



has the desired properties. 



□ 



Proof of Lemma 14 ■ The lemma follows immediately from Definition [6] 
and Lemma [T5l □ 
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B(u,e) 



Figure 3. Neighborhood of a T-orbit 

3. Lifting diffeomorphisms of finite quotients 

In this section we show that a diffeomorphism (in the diffeological 
sense) of quotient spaces whose domain is M n /r, where T C GL n (M) is 
a finite subgroup, always lifts to an equivariant diffeomorphism. 

We note that this is not always true for differentiable maps that are 
not diffeomorphisms: 



Example 16. Let Z/2Z act on M? by (x,y) H- ±(x, y). Consider a map 
from R 2 to M 2 /(Z/2Z) that is given by 



where g is a function that vanishes near r = but does not vanish 
everywhere. This map is well defined, is differentiable, but does not 
lift to a differentiable (or even continuous) map from M 2 to IR 2 . 

Also see examples I2"H and [231 

The following result is a crucial ingredient in our analysis: 

Lemma 17. Let T C GL„(R) be a finite subgroup. Let U C W 1 be a 
connected open subset. Let 



be a continuously differentiable map that sends each point to a point in 
the same Y -orbit. Then there exists a unique element 7 G T such that 



(r cos 6 , r sin 6) 1— > [g(r) cos(#/2), g(r) sin(#/2)] 



h: U W 



n 




h{x) = 7X 



Proof. For each x G U there exists 7 G T such that (T5]) holds. We need 
to show that it is possible to choose the same 7 for all x. 
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Let Uq denote the set of points in U whose T-stabilizer is trivial. 
For x G Uq, the element 7 G T that satisfies (J2J) is unique. Because h 
is continuous, this element is the same for all the points in the same 
connected component of Uq. For each connected component A of Uq, 
denote by ^a this element of Y, so that 

h(x) = for all x G A. 

Then, because this is a linear map, 

d x h = 7a for all x G A, 

and because h is continuously different iable, 

d x h = for all x G closure (A). 

Because C/ is obtained from U by removing a finite union of proper 
subspaces, namely, the fixed point sets of the elements 7 G T other 
than the identity, U is dense in U. Because U is connected, it follows 
that all the 7a's are equal to each other. □ 

Remark 18. In the above lemma, if T contains no reflections, it is 
enough to assume that h is continuous: if T contains no reflections, the 
set Uq is connected, so there exists 7 such that (T5]) holds for all x G Uq. 
Because Uq is dense and h is continuous, (T5]) holds for all x G U. 

We also need the following topological fact: 

Lemma 19. Let Y C GL n (M) be a finite subgroup. Let U C W 1 be a 
V -invariant subset that contains the origin. If U /Y is connected, U is 
connected. 

Proof. Suppose that W C U is both open and closed in U. After 
possibly switching between W and U \ W we may assume that is in 
W. Then each of the sets 7 • W, for 7 G T, contains and is both open 
and closed in U. The intersection 

(3) 

is T-invariant, and its image in U/Y is both open and closed and is non- 
empty. Because U/Y is connected, this image is all of U/Y. Because 
the intersection ([3]) is T-invariant and its image is all of U/Y, it follows 
that this intersection is equal to U. Thus, W = U. □ 

The following three lemmas show that a diffeomorphism of finite 
quotients locally lifts to equivariant diffeomorphisms. 

Notation. We will denote the image of the origin under the quotient 
map M 71 — > M. n /Y by the symbol and will still call it "the origin" . 
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Lemma 20. Let Y C GL n (R) and Y' C GL n /(R) be finite subgroups. 
Let U C M™ and U' C W 1 be invariant open subsets that contain the 
origin. Let 

f:U/T-> U'/V 

be a diffeomorphism of diffeological spaces such that /(0) = 0. Let 

f: U^U' 

be a smooth map that lifts f . Then there exists a neighborhood of the 
origin on which f is a diffeomorphism with an open subset of U' . (In 
particular, it follows that n = n' .) 

Proof. By the definitions of the quotient diffeologies and of "diffeo- 
morphism" (see Definitions [2] and HJ), there exists an open T'-invariant 
subset V C U' , containing the origin, and a smooth map g: V — > U 
that lifts the inverse map f^ 1 : U'/V — > U /Y. We may choose V to be 
connected, for instance, by taking it to be a ball around the origin with 
respect to a T'-invariant metric. Let V be the preimage of f~ 1 {V'/Y') 
under the quotient map U — >■ U /Y. Then V/Y is connected, because it 
is the image of the connected set V'/Y' under the continuous map f~ l . 
By Lemma [19l V is also connected. We now have connected invariant 
open neighborhoods V and V of the origins in M n and M. n and smooth 
maps 

f:V->V and g: V -»■ V 

such that / lifts / and g lifts Without loss of generality we assume 
that U = V and U' = V. We will show that / is then a diffeomorphism. 

The composition g o f; V — » V sends each T-orbit to itself. By 
Lemma [T71 there exists an element 7 of Y such that g o f(x) = 7X for 
all x £ V. After replacing / by / o 7" 1 , we may assume that 

g o f\v is the identity map. 
Similarly, there exists an element 7' e Y' such that 

(4) / o g{x) = 7'x for all x G V. 
Because g o f is the identity, we also have that 

(5) / o g(x) = x for all x G V' in the image of / , 
so that 

(6) j'x = x for all x G V' in the image of /. 

Because the image of / is all of V'/Y', the image of / contains an 
element x whose stabilizer is trivial. By this and (Q, 7' = 1. So / and 
g are inverses of each other. In particular, / is a diffeomorphism. □ 
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Lemma 21. Let T C GL n (R) and V C GL n /(R) fre finite subgroups. 
Let U C M. n and U' C R n be invariant open subsets. Let 

f:U/T-> U'/V 

be a diffeomorphism of diffeological spaces. Let 

/: U -+ U' 

be a smooth map that lifts f . Then each point ofU has a neighborhood 
on which f is a diffeomorphism with an open subset of U' . 

Consequently, n = n' , and for each u G U the linear map L = d u f is 
invertible. The conjugation map 7 1— > L^L~ X carries the stabilizer sub- 
group T u of u to the stabilizer subgroup V u , of vl = f{u); in particular, 
the stabilizer subgroups Y u and V u , are conjugate in GL n (R). 

Proof. Let u G U and u' = f{u). By Lemma fT5l there exists a T u - 
equivariant map g: R n — > U that sends the origin to u, is a diffeo- 
morphism with an open subset of U, and such that the induced map 
g : M n /r u — > U/T is a diffeomorphism with an open subset of U /V. 
Similarly, there exists a r^,-equivariant map g' : W 1 — > U' that sends 
the origin to u', is a diffeomorphism with an open subset of U', and 
such that the induced map g' : M. n /T' u , — > U'/V is a diffeomorphism 
with an open subset of U'/V. The composition {g')' 1 ° / °g is a smooth 
map from a r u -invariant open subset of 1R™ that contains the origin to 
a r u /-invariant open subset of M n that contains the origin. It sends 
to 0, and it lifts the diffeomorphism {g')^ 1 ° / ° g. The first part of the 
lemma follows by applying Lemma [20] to this composition. □ 

Lemma 22. Let F C GL n (R) and V C GL„/(R) be finite subgroups. 
Let U C R™ be an invariant connected open subset that contains the 
origin. Let 

f'.U/T-> W 1 ' /V 
be a diffeomorphism of U/T with an open subset of~R. n '/V. Let 

f:U-> R n ' 
be a smooth map that lifts f . Then 

(1) / is one to one. 

(2) Let U" denote the preimage of f (U/T) under the projection map 
R n ' -> R n '/r'; note that U" C R™' is open. Then f is a diffeo- 
morphism of U with a connected component of U" . 

(3) Let L = dof . Note that, by Lemma WK ^(7) = L'-fL^ 1 de- 
fines an isomorphism from T to a subgroup of V . Then f is 
h-equivariant. 
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Proof of (1). Because / lifts / and / is one to one, if f(u) = f(v) then 
there exists 7 G T such that v = j-u. We need to show, for each 7 G T, 
that f(u) = /(7 • w) implies 7 • w = u. 
Consider the set 

U,:= {ueU\f(j-u)=f{u)}. 

Clearly, U 1 is closed in U and contains the fixed point set 

U 1 = {u G U I 7 • u = u}. 

We need to show that £7" 7 = U 1 . 

Let w be any point in U^, and let r„ = {g G T \ g ■ v = v} be its 
stabilizer. 

• Suppose 7 e T„. By Lemma there exists a T^-invariant 
neighborhood V of v on which / is a diffeomorphism with an 
open subset of M. n . In particular, f\ v is one to one, so 



(7) [/ 7 ni/ = (/ 7 nK. 

• Suppose 7 G r \ r„. By Lemma I2TI there exist neighborhoods 
V\ of v and V 2 of j-v such that /| vi and f\y 2 are diffeomorphisms 
with open subsets of W 1 . 

Let V be a T^-invariant connected neighborhood of f con- 
tained in V\ fl /~ 1 (/(V r 2 )). For instance, we may take V to be a 
ball centered at v with respect to an invariant metric. The map 

u 1 — y (j\v^ f{l ■ u ) from V to V sends each T^-orbit to itself. 

Applying Lemma [T7] to this map, we get an element 7' G 
such that 

(8) 7( 7 ■ u) = f(i ■ u) 

for all u G V. By the previous paragraph applied to 7', for each 
it G V, if 7(7' ■ u) = f{u) then 7' • u — u. By this and ([H]), 

(9) [/ 7 nK = [/ 7 'n v. 

By (CJ) and (|9]), for every point u G U 1 there exists a neighborhood 

V G U and a linear subspace L C M n such that 

(10) C/ 7 n V = L n K 

If u £ interior (C/ 7 ) then L is a proper subspace of M. n , and, by ( ITUj) . 

V fl interior(C/ 7 ) = 0. Hence, interior({7 7 ) and U \ interior(C/ 7 ) are 
both open in U. Because U is connected, either U 1 = U or f/ 7 has an 
empty interior. 
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On a sufficiently small T-invariant neighborhood V of the origin, / 
is one to one (by Lemma |2"T|) . and so U y fl V = W fl V for all 7 £ V. 
Because V acts effectively, if 7 is not the identity element, then U 1 C M. n 
is a proper subspace. Combining this with the previous paragraph, we 
deduce that if contains a non-empty open set then 7 is the identity. 

Let v be any point in U 1 . Let V be a r„-invariant neighborhood of 
v on which / is one to one. As before, there exists 7' £ T v such that 
f{l{l')~ lu ) = fi u ) f° r a ^ u dV . (If 7 £ r„ then we may take 7' = 7.) 
So the set £/" 7 (y)-i contains the open set 1/. By the previous paragraph, 
7(f)- 1 = 1. So 7 £ IV But for 7 £ r„ we have V n C/ 7 = V n f/ 7 . 

We deduce that U„, = W. □ 

A map is called proper if the pre-image of any compact set is com- 
pact. A proper map to a first-countable Hausdorff space is a closed 
map. 

Proof of (2). By Lemma I2T| each point of C/ has a neighborhood on 
which / is a diffeomorphism with an open subset of M n '. By this and 
part (1), / is a diffeomorphism of U with an open subset of lR n . 

Because f(U/T) = U" JV and / lifts /, we have f(U) C U" . Because 
U is connected, f(U) is contained in a connected component of U"\ 
denote this component by U'. Thus, / is an open map from U to U' . 
We need to show that its image is all of U' . 

Consider the diagram 

U U' 

U/T U"/V. 

The projection maps tc: U — >■ C7/T and 7r' : Z7" — >■ U" /V are proper. 
Because [/' C ?7" is closed, tt'\u>'- U' —> U"/T is also proper. Because 
the maps tt, ir'\u>, and / are proper, the map / is also proper. Because 
f'.U — > U' is open and proper and U' is connected, the image of / is 
all oiU'. □ 

Proof of (3). By Part (2), image / = U' is a connected component of 
[/", and / : U — > U' is a diffeomorphism. By Lemma [T71 for each 7 £ V 
there exists a unique 7' £ T' such that 
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for all x G U'. Uniqueness implies that 7 1— > 7' defines a group homo- 
morphism 

h: r ->■ r. 

Then (JTTJ) becomes 

(12) /( 7 • u) = i ■ f(u) for all u G U and 7' = /i( 7 ), 

which means that / is /i-equivariant. 

Taking the derivatives at the origin of the left and right hand sides 
of ( ITT]) gives L7 = 7'L, so that the group homomorphism h coincides 
with the map 7 H- L^L~ X of Lemma [2TJ □ 

We now reach the main result of this section. 

Lemma 23 (Existence of global lifting). Let Y C GL n (R) and V C 
GL n /(R) 6e finite subgroups, let U' cK™ be a V -invariant open subset, 
and let 

f: R n /T -»■ f/'/r' 

fre a diffeomorphism. Then there exists a smooth map f: W a — > U' 
that lifts f . Moreover, if f is a smooth map that lifts f , then there 
exists a group isomorphism h: V — > V such that f is an h-equivariant 
diffeomorphism ofM. n with a connected component of U' . 

Proof. For each u G M n and r > 0, let 

B(u, r) = {v G lR n I \\v - u\\ r < r} 

denote the ball around u of radius r with respect to the T-invariant 
norm || • ||p. By the definition of the quotient diffeologies there exist 
p > and a smooth map 

/„: B(0,p)^U' 
that lifts /. Consider the set 

(13) 1Z = {r I there exists a smooth map /: -8(0, r) — > U' 

that lifts / and extends f p .} 

The set 1Z is non-empty, because it contains p. Clearly, if r G 1Z and 
p < r' < r then r' G 71. Let us show that 71 is an open subset of [p, 00). 
Fix any r G 1Z. Let 

/: B(0,r)^U' 

be a smooth map that lifts / and extends f p . By Lemma [22J / is a 
diffeomorphism of B(0,r) with an open subset of U' . 
Let 

5(0, r) = dB(0, r) = {veR n \ \\v\\ r = r}. 
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By the definition of the quotient diffeologies and by Lemma EU for each 
x G 5(0, r) there exist e > and a lifting B(x, e) — >• U' of / which is a 
diffeomorphism with an open subset of U' . Because 5(0, r) is compact, 
it can be covered by a finite number of such balls, Bi = B(xi, ei). For 
each % = 1, . . . , m, let 

fa: Bi^U' , % = 1, . . . ,m 

be a lifting of / which is a diffeomorphism with an open subset of U'. 
Fix any %. By Lemma d7[ there exists an element 7 G V such that 
/. o f-\x) = 7 • x for all x G fl 5(0, r)). 
Replacing fa by 7 _1 o fa } we may assume that 

(14) fa = f on SiDS^r). 

Suppose that Bi fl 5,- is nonempty. By Lemma [T7J there exists an 
element 7 G V such that 

(15) faf-\ x ) = 1 . x for all xG £(5^ 5,). 

Because and 5j are centered on 5(0, r) and Bi fl 5j is non-empty, 
the triple intersection B(0,r) D Bi D Bj is also non-empty. By (114n 
applied to i and j, 

(16) fif~\x) = x for all x G f 3 (Bi n ^ n B(0, r)). 

Because the set fj(B i nBjnB(0,r)) is open and non-empty, it contains 
an element x whose T'-stabilizer is trivial. For this x, (fT5l) and (|T6l) 
imply that 7 = 1. So 

/ U fa U . . . U f m : 5(0,0 U ^ U . . . U B m -> C/' 

is a well defined lifting of / which extends f p . Because 5(0, r) U Bi U 
. . . U 5 m contains a ball of radius greater than r, this shows that the 
set 1Z, defined in (IT3|) . is an open subset of [p, 00). 
For each r E 7Z, let 

/ r : 5(0,r)-^' 

be a smooth map that lifts / and extends f p . By Lemma [TTJ, for any 
ri < r 2 in TZ there exists an element 7 G T' such that 

(17) f r2 o f-\x) = 7 • x for all x G / n (5(0, n)). 
Because f ri and / r2 both extend f p , we have 

(18) / r2 o f-\ x ) = x for all x G / ri (S(0,p)). 

By Lemma [2TI the map / ri is open, so the set f Tl (B(0, p)) contains an 
element x whose T'-stabilizer is trivial. For this x, (fT7|) and (ITBl) imply 
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7=1. So /r3|B(o,ri)= In- Then 

(19) /:= (J / P : (J B(0,r)-^^ 

is a well defined lifting of / which extends f p . 

This implies that if the set 1Z defined in (fT3l) is bounded then it has 
a maximum. But since 1Z is open in [p, oo), it cannot have a maximum. 
Since r E 71 implies that r' G 1Z for all < r' < r, we deduce that 
7?. = [p, oo). So the domain of (TT9T) is all of R™, and 

/: R n -»■ U' 

lifts / and extends f p . 

The fact that / is an equivariant diffeomorphism with a connected 
component of U' then follows from Lemma [22J D 

According to the above results, a diffeomorphism between finite lin- 
ear quotients of R n lifts to an equivariant diffeomorphism (by Lemma 1251) 
and this lifting is unique up to an action of the finite linear groups (see 
Lemma [T71) . The following examples that this existence and uniqueness 
of equivariant liftings may fail for different iable functions that are not 
diffeomorphisms. 

In both of these examples, let p n : R — > R denote a smooth function 
that takes values between and 1, vanishes outside the interval f-77, -1, 

' Ln+l ' n J ' 

and is not always zero. 

Example 24. For any e = (e 1; 62, . . .) G {1, — 1} N , let 

/ e : R -> R 

be the function 



fe(x) 




4t < x < - 

i+l — n 

if x > 1 or x < 



if^ T <x<i, n G N 

n+l — n ' 



Then the functions /<= give infinitely many inequivalent liftings of one 
function from R to R/{±1}. Moreover, this remains true in any neigh- 
borhood of 0. 

Example 25. Let /: R 2 — > R 2 be the function 

ifr>lorr = 

f(%, y) = { e" r p n (r)(r, 0) if ^ < r < \ and n is even 
- r p n (r)(x,?/) if < r < J and n is odd 



where r = yx 2 + y 2 . Fix any positive integer m > 2. The func- 
tion / descends to a function [/] from l 2 /Z/mZ to R 2 /Z/mZ. The 
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function [/] is differentiable because it has a smooth lifting, namely, 
/. On any annulus ^-j- < r < ^ the function [/] lifts to a smooth 
function that is equivariant with respect to a group homomorphism 
h: li/m/Z Z/mZ. However, for even n the group homomorphism h 
must be trivial, and for odd n the group homomorphism h must be the 
identity homomorphism. Consequently, there does not exist a neigh- 
borhood of on which [/] has an equivariant lifting with respect to one 
group homomorphism. 

4. Structure groups of diffeological orbifolds 

Diffeology carries rich information; in particular, we now show that 
the structure groups are a diffeological invariant. 

Lemma 26. Let Y C GL n (R) and Y' C GL n /(M) be finite subgroups. 
Suppose that there exist open subsets V C R n /r and V C R n /Y' 
that contain the origins and a diffeomorphism ip: V — > V such that 
95(0) =0. Then n = n' , and Y and V are conjugate in GL n (R). 

Proof. Let U\ C R n and U[ C R n denote the preimages of V and V. 

By the definitions of the quotient diffeologies and of "diffeomor- 
phism", there exists an open neighborhood U2 of in U\ and a smooth 
map (p: U2 — > U[ that lifts (p. We may assume that U2 is T-invariant 
(e.g., by shrinking it to a small ball around the origin with respect to 
a T-invariant metric). 

Let U' 2 C U[ denote the preimage of </?([/2/T) C U[/Y'. Then p 
restricts to a diffeomorphism ip: U2/T — > U' 2 /Y' such that ^(0) = 0, 
and (p restricts to a smooth map ip: U 2 — >■ U' 2 that lifts i/j. 

By Lemma [211 n = n' and V and V are conjugate in GL n (R). □ 

Definition 27. Let X be a diffeological orbifold and x G X a point. 
The structure group of X at x is a finite subgroup Y C GL n (R) such 
that there exists a diffeomorphism from IR n /T onto a neighborhood of 
x in X that sends the origin to x. By Lemma [T4"l such a group exists; 
by Lemma |26| such a group is unique up to conjugation in GL n (R). 

A singular point of a diffeological orbifold X is a point whose struc- 
ture group is non-trivial; a regular point, or a smooth point, is a point 
whose structure group is trivial. Because the structure group is unique 
up to conjugation, these notions are well defined. The set of regular 
points is open and dense; at these points, X is a manifold. At a singu- 
lar point, X looks like a quotient R n /T where T is a non-trivial finite 
subgroup of GL n (R). 
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To accurately state the relation of diffeological orbifolds to Satake's 
V-manifolds, we need to consider orbifolds whose structure groups do 
not contain reflections. (Also see Remark [331 ) 

Definition 28. A reflection is a linear map R n — > R n whose fixed 
point set has codimension one. A reflection free diffeological orbifold 
is a diffeological space which is locally diffeomorphic at each point to 
a quotient R n /r for some n where T is a finite group acting on R n 
linearly and without reflections. 

Remark 29. Notice that if a subgroup of GL n (R) contains no reflections 
then any subgroup of it or any group conjugate to it also contains no 
reflections. Thus, a diffeological orbifold is reflection free if and only 
if its structure groups contain no reflections. In particular, if A is a 
reflection free diffeological orbifold, T C GL n (R) is a finite subgroup, 
and ip: R n — > X induces a diffeomorphism from R n /r onto an open 
subset of A, then V contains no reflections. 

The following characterization will be useful to connect our notion 
of a diffeological orbifold with Satake's notion of a V-manifold: 

Proposition 30. A diffeological space is a reflection free diffeological 
orbifold if and only if each point has a neighborhood which is diffeo- 
morphic to a quotient U/T, where U C R n is a connected open subset 
and r is a finite group of diffeomorphisms of U whose fixed point sets 
have codimension > 2. 

Proof. This follows immediately from Definition El Example dU and 
Remark ES □ 

5. V-Manifolds 

The notion of a V-manifold was introduced by Ichiro Satake in his 
two papers On a Generalization of the Notion of Manifold |S1) and 
The Gauss-Bonnet Theorem for V-Manifolds |S2j . Satake's definitions 
in |S2] slightly differ from those in [Slj ; they do lead to equivalent 
notions of "V-manifold" but this fact is not obvious. Thus Satake 
himself began the tradition in the literature of attributing to Satake a 
definition which a priori differs from his. We will follow the definitions 
of Satake's second paper, [S2J. 

The local structure of a V-manifold is given by a local uniformizing 
system (l.u.s); this can be thought of as a "local chart". The following 
definition is taken from |S2, p. 465-466]. 

Definition 31. Let M be a Hausdorff space and U C M an open 
subset. A local uniformizing system (l.u.s) for U is a triple (U,G,(p), 
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where U is a connected open subset of M. n for some n, where G is a finite 
group of diffeomorphisms of U whose fixed point sets have codimension 
> 2, and where if: U — > U is a map which induces a homeomorphism 
between U/G and U. 

Local uniformizing systems are patched together by injections; these 
can be thought of as the "transition maps" . The following definition is 
taken from [S2, p. 466]: 

Definition 32. An injection from an l.u.s (U, G, if) to an l.u.s (If, G', if') 
is a diffeomorphism A from U onto an open subset of If such that 

if = if' o A. 

Remark 33. Eventually we would like to show that diffeological orb- 
ifolds are "the same as" V-manifolds. However, this is not quite true. 
One minor difference is that Satake only works with spaces that are 
Hausdorff, whereas in our definition of a diffeological orbifold we allow 
the D-topology to be non-Hausdorff. A more serious difference is that 
in his definition of an l.u.s Satake only works with finite groups that 
act without reflections, whereas we allow arbitrary finite group actions. 
It appears that Satake's main usage of the reflection-free assumption is 
in [Sll Lemma 1, p. 360] and \S2\ Lemma 1, p. 466], which assert this: 

Lemma. Let A, /i: U — >■ If be two injections. Then there exists a unique 
a' G G' such that \i — a' o A. 

However, this lemma remains true even if the finite groups contain 
reflections. This more general version of the lemma appeared in [MP, 
Appendix]. It can also be proved in a way similar to our proof of 
Lemma [171 

A V-manifold structure is given by a defining family; this can be 
thought of as an "atlas" . The following two definitions are taken from 
[S2l p. 467]. 

Definition 34. Let M be a Hausdorff space. A defining family on M 
is a family J 7 of l.u.s's for open subsets of M, satisfying conditions (1) 
and (2) below. An open subset U C M is said to be T-uniformized if 
there exists an l.u.s. (U, G, if) in T such that <f(U) = U . 

(1) Every point in M is contained in at least one J-"-uniformized 
open set. If a point p is contained in two J r -uniformized open 
sets U\ and U2 then there exists an J r -uniformized open set U3 
such that p 6 U 3 C U x D U 2 . 

(2) If {U,G,ip) and (U',G,if') are l.u.s's in 7 and if(U) C <p'{U'), 
then there exists an injection A: U — > U'. 
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Figure 4. Defining family a la Satake 

See Figure HI 

One might naively attempt to declare two defining families to be 
equivalent if their union is a defining family. However, this is not an 
equivalence relation: 

Example 35. Consider the annulus 

M = {(x, y) e M 2 I < x 2 + y 2 < 1}. 

Consider the following two l.u.s's. The first consists of the annulus with 
the trivial group action and the identity map. The second consists of 
the annulus with the two element group acting by (x, y) h-> ±(x, y) and 
with the map (p(r cos 6, r sin 6) = (r cos 28, r sin 29). 

Let J 7 consist of the first l.u.s, and let J 7 ' consist of the second l.u.s. 
Let J 7 " consist of all l.u.s's consisting of a disk that is contained in the 
annulus, with the trivial group action and the identity map. Then J 7 , 
J 7 ', and T" are defining families on M. The unions J-U T" and J 7 ' LIT" 
are defining families, but there is no defining family that contains both 
T and T' . 

Definition 36. Two defining families, J 7 and J 7 ', are directly equivalent 
if there exists a third defining family that contains both J 7 and J 7 '. Two 
defining families T and T' are equivalent if there exists a chain of direct 
equivalences starting with J 7 and ending with J 7 '. 
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The following definition is taken from |S2l p. 467, Definition 1 and 
footnote 1]: 

Definition 37. A V-manifold is a Hausdorff space M equipped with 
an equivalence class of defining families. 

In what follows, whenever we choose a defining family on a V- 
manifold, we assume that this family belongs to the given equivalence 
class, unless otherwise stated. 

6. V- MANIFOLDS AS DIFFEOLOGICAL ORBIFOLDS 

In this section we describe the natural correspondence between Sa- 
take's V-manifolds and diffeological orbifolds. 

Proposition 38. Let M be a Hausdorff topological space. A defining 
family J 7 on M determines a diffeology, namely, the diffeology generated 
by the maps <p: U — >■ U, for all (U, G, if) G J 7 . 

(1) Let J 7 be a defining family on M . Then, equipped with the 
diffeology generated by J 7 , M is a reflection-free diffeological 
orbifold. 

(2) Equivalent defining families J 7 , J 7 ' on M generate the same 
diffeology. 

The natural diffeology on a V-manifold is the one determined by any 
defining family; see Definition [37] and Proposition [38j 

Theorem 39. A V-manifold, with its natural diffeology, becomes a 
Hausdorff reflection-free diffeological orbifold. The diffeology uniquely 
determines the V-manifold structure. Every Hausdorff reflection free 
diffeological orbifold arises in this way. 

The rest of this section is devoted to the proof of Proposition [381 and 
Theorem l39l 

Lemma 40. Let M be a Hausdorff topological space, let U C U' C M 
be open subsets, let (U,G,ip) and (U',G',<p') be lu.s's for U and U' , 
and let A : U — >■ U' be an injection. Then 

(1) The image of X is a connected component of (<£>')~ 1 ([/). 

(2) A descends to a diffeomorphism from U /G to an open subset of 
U'/G'. 

Proof. From the definition of an l.u.s and of an injection, it follows that 
A descends to a map A : U/G — > U'/G' which is a homeomorphism with 
the open subset (ip')-\U)/G' of U'/G'. 
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Now consider the commuting diagram 



U/G — {rf)-\U)IG'. 

Because the quotient maps and the homeomorphism A are proper, A is 
proper, so its image is closed. But, by assumption, the image of A is 
also open and connected, so this image must be a connected component 
of W)-\U). 

Finally, consider the diagram 

U — U' 



U/G — U'/G'. 

Because A is an open inclusion and the vertical arrows generate the 
quotient diffeologies, the map A is a diffeomorphism with its image. □ 

Corollary 41. Let M be a Hausdorff space and T a defining family; 
equip M with the diffeology generated by T . Let (U,G,<p) be an l.u.s 
in J 7 . Then U := <p{U) C M is D-open, and the homeomorphism 
Tp: U/G — >■ U induced by (p is a diffeomorphism of diffeological spaces. 

Part (1) of Proposition [381 follows from Proposition [301 and Corol- 
lary HU Part (2) follows from Lemma [T2l Lemma |4*0| and Corollary I4T1 

Lemma 42. Let M be a Hausdorff reflection- free diffeological orbifold. 
Let U be an open cover of M. Let J 7 consist of all the triples (W n , G, if>) 
where G C GL n (R) is a finite subgroup, if>: M™ — > M induces a dif- 
feomorphism from M. n /G onto an open subset of M , and there exists 
U GW such that ■0(]R n ) C U. Then J 7 is a defining family, and the set 
of T -uniformized open sets is a basis to the topology of M. 

Proof. By Remark |2"§| for each (R n , G,ip) G J 7 the group G is reflection 
free. Thus, (M. n ,G,ip) is an l.u.s. By Remark [Till and Lemma HU the 
.F-uniformized open sets form a basis to the topology of M. So J 7 
satisfies Condition (1) of Definition [341 of a defining family. Condition 
(2) follows from Lemma |23j See Figure [5j □ 

Proposition 43. Let M be a Hausdorff topological space. If two defin- 
ing families on M generate the same diffeology then they are equivalent. 
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Figure 5. 



Proof. Let J 7 and J 7 ' be denning families on M that generate the same 
diffeology. Let J 7 " be the defining family that is constructed as in 
Lemma H2 with respect to the open cover U = {U D U' \ U is T- 
uniformized and U' is J r '-uniformized }. Let us show that J 7 U J 7 " is a 
defining family. 

Because the J-""-uniformized sets form a basis to the topology, J-'UJ 7 " 
satisfies Condition (1) of Definition |3H To prove Condition (2), suppose 
that (Ui,Gi,ipi), for % = 1,2, are l.u.s's in TV} J 7 " with ip(Ui) C f(U 2 )- 
We will now show that there exists an injection from (Ui,Gi,<pi) to 
(U 2 , G2, (p 2 )- If both l.u.s's are in J 7 then the fact that J 7 is a defining 
family implies that there exists such an injection. If (Ui,Gi,(pi) G J 7 " 
then Lemma [23] implies that there exists such an injection. Suppose 
now that (Ui, Gi, cpx) E T and (U 2 , G 2 , (p 2 ) € F" ■ 

By the definition of T" there exists an l.u.s (C/3, G 3 , (p 3 ) G T such 
that (p(U 2 ) C (p(U%). Because J 7 is a defining family, there exists an 
open embedding a: Ui — > U3 such that ip 3 o a = tp\. By Lemma [231 
there exists a diffeomorphism /3 from U 2 to a connected component of 
^3 1 (^2(^2)) such that Lf 3 o [3 = ip 2 . By possibly composing with an 
element of G3 we may assume that this connected component is the 
one that contains a{U\). Then A := o a : U\ — > U 2 is an injection, 
as required. See Figure El 

We have shown that T U T" is a defining family. Applying a similar 
argument to T' and J 7 ", we get a chain of direct equivalences: J 7 , J 7 ", 
J 7 '. By Definition [361 the defining families J 7 and J 7 ' are equivalent. □ 

Proposition 44. Let M be a H aus dor ff reflection free diffeological orb- 
ifold. Then there exists a defining family J 7 on M which generates its 
diffeology. 
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Proof. Let 7 consist of all the triples (M n ,G,^) where G C GL n (R) 
is a finite subgroup and where (p: M. n — > M induces a diffeomorphism 
from ~R n /G, equipped with its quotient diffeology, to an open subset of 
M, equipped with its subset diffeology. By Lemma H2 (with any U), 
J 7 is a defining family. By Corollary UT] and the definition of J 7 , the 
family J 7 generates the diffeology on M. □ 

Theorem [3H] follows immediately from Propositions H3] and 0H 

7. Locality of V-manifold structure 

Let X be a topological space and Y C X an open subset. Given a 
defining family J 7 on X, its restriction jF\y to Y is defined to be the 
set of all l.u.s's of the form (Uy,G, <p\fj ) where (U,G,ip) is an l.u.s 

on X and where Uy is a connected component of U H Lp^ 1 (Y). In this 
way, a V-manifold structure on X naturally restricts to a V-manifold 
structure on Y. 

Given two defining families T\ and J~2, if the restrictions Filu and 
J^2\u are equivalent for elements U of an open covering U of M, a 
priori it is not clear that T\ and Ti themselves are equivalent. Also, 
given defining families Ty for U G U, if the restrictions Tu\unu' an d 
J~U'\unu' are equivalent for every U, U' G U, a priori it is not clear how 
to patch together the families T\j into a defining family on M. However, 
these locality properties do follow, immediately, from the fact that a 
V-manifold structure is determined by the diffeology that it generates, 
yielding the following result: 
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Proposition 45. Let M be a Hausdorff topological space and U an 
open cover. 

A V-manifold structure on M is uniquely determined by its restric- 
tions to the open sets U in U. 

Suppose that we are given for each U a V-manifold structure on 
U. Suppose that, for each U and U' in U, the restrictions to U f)U' of 
the V-manifold structures on U and on U' coincide. Then there exists 
a unique V-manifold structure on M whose restriction to each U G U 
is the given V-manifold structure on U . 

8. Relation with Haefliger's definition 

In section 4 of [HJ, Haefliger gives this definition. 

The structure of a V-manifold on Q is given by an open 
covering U{, each Ui being the quotient of a ball Ui in M. q 
by a finite group Gi of diffeomorphisms. The projection 
7Tj: Ui — > Ui = U/Gi is called a uniformizing map. If Ui 
and Uj are two points in Ui and Uj such that Tti(ui) = 
7Tj(uj), one assumes that there exists a diffeomorphism 
gji from a neighborhood of Ui onto a neighborhood of Uj 
such that 7Tj o = 7Tj on a neighborhood of Wj. 

Thus, Haefliger works with triples (Ui, G{, 7Tj), where Gi is a finite 
group of diffeomorphisms of U and the map 7Tj : Ui —> Q induces a 
homeomorphism 7^: Ui/Gi — > Ui onto an open subset Ui of Q. He 
gives a compatibility condition for such triples. 

Theorem 46. Let {(U, Gi, 7r^ ) } be a collection that satisfies Haefliger's 
compatibility condition such that the sets Ui cover Q. Then Q, equipped 
with the diffeology generated by the maps iii, is a diffeological orbifold. 
Two such collections generate the same diffeology on Q if and only if 
their union satisfies Haefliger's compatibility condition. Every diffeo- 
logical orbifold is obtained in this way. 

Proof. Haefliger's compatibility condition implies that the transition 
functions vf? -1 7fj are differentiable in the diffeological sense. By 
Lemma [201 and the slice theorem, if Tfj -1 ° 7fj is a diffeomorphism in the 
diffeological sense, then (Ui, Gi, 7Tj) and (Uj, Gj, ttj) are compatible in 
Haefliger's sense. These two facts imply the theorem. □ 

Thus, an orbifold structure in Haefliger's sense is the same thing as 
a diffeological orbifold; hence, in the reflection-free case, it is also the 
same thing as Satake's V-manifold. A priori this is not obvious from 
the definitions in [H] and [Sll [S2] . 
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